Find the solution of the one-dimensional wave equation
Uy = Uy
under the following conditions

Du(0,x) = u,sin 7x
2)u(0,x)=0
3u(t,0)=ut)=0

Interpretation: A string of length =1 is fixed at x=0 and x=1 with initial sin-shaped elongation
without any initial velocity.

Solution:
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a>0: T(t) =ce’™ +c,e™ a>0: X(x) = ae’™ +a,e V™
a=0: T(t)=c +c;t a=0: X(x)=a +a,x
a<0: T(t) =c,cosv—-at +c,siny—at a<0: X(X) =a,cosv-ax+a,siny—ax

Casel :a >0: u(x,t) = (e’ +c,e V) (a e’ +a,e ™)
Casell :a =0: u(x,t) =(c, +c.t)(a +a,x)
Caselll :a <0: u(x,t) =(c,cosv—at +c,sin+/—at)(a cosvy—ax+a,sin«—ax)

Impose conditions:

Casel, II: Fulfill condition 3) only if a =a, = 0; trivial solutions
Caselll: set —a = 3%, then using condition 3):

u(x,0) = (¢ ,cospt +c,sin fBt)(a cos0) =0;a, =0

u(xl) = (ccospt +c,sin ft)(a,sinB) =0, =kir



There are infinitely many solutions of the form:
u, (x,t) = (c, coskrt + c, ksinkrt) sinkrx

and hence:

u(xt) = Zuk = Z(c:lk coskrt + ¢, ksink7t)sinkrx

Use condition 1):

u(0,x) = Z(Clk coskrt +c,, sinkzt) sink7x = u, Sin 7K; for k=1c, =uyc, =0(k=2)

Use condition 2):
u,(t,x) = Z (-kr, sink7t + k7, coskrt)sinkrx;

u,(0,x) = Z (krr,, coskrt)sinkrx = 0; Cy =0 for all k

And hence, the solution to the problem has been shown to be:

u, (t,x) = uy(cosrt)sinr



